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bstract

fractal model (denominated IFU) is presented, developed by varying some constructive aspects of Menger sponge. Simple fractals can be
sed effectively to describe pore size distributions which present a regular growth toward the larger diameters and therefore are not suited to the
escription of very common structures which present one or more peaks in the distribution. The use of more fractal units means that the IFU is

ble to simulate effectively the pore size distribution, the volume fractions of the voids and the geometry of the microstructure. The modelling is
pplied to sets of published data regarding SiC based ceramics characterised by a medium–high volume fraction (40%/80%), obtained through
he technique of mercury intrusion porosimetry. Finally, this study demonstrates how the permeability can be realistically estimated based on the
arameters of the proposed model.

2008 Elsevier Ltd. All rights reserved.
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. Introduction

In characterising porous materials, a description of the geom-
try of the system of voids and their simulation with suitable
odels is a preliminary phase in the correlation of the physi-

al and technical characteristics, particularly permeability. The
se of Fractal Geometry has recently been established in this
ector,1–3 but the adoption of “simple models”, the most noted
f which is effectively exemplified by Menger sponge4 presents
wo problems: the succession of the pore sizes which count only
few terms for every decade and the distribution of the volumes
oncentrated towards the class of larger pore diameters.

This study demonstrates how the use of a series of intercon-
ected fractal units (Intermingled Fractal Units, IFU) can bring
bout an effective representation of the porosimetric characteris-
ics of SiC based ceramics of medium to high porosity, produced
sing a variety of techniques.

The industrial production of SiC dates back more than 100
ears. At first this was prevalently concentrated on exploit-

ng its “diamond-like” hardness and successively the refractory
haracteristics of this ceramic compound.5 In recent years this
aterial’s many excellent characteristics have become the sub-
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ect of much research and industrial exploitation. Stability at
igh temperature, and the resistance to aggressive fluids lead
o the development of SiC with porosity of between 40% and
0%. This is now of particular interest in the production of filters,
atalysts or heat accumulators.6–10

The experimental porosimetric data used in the following
reatment are derived from the literature.9,10 They were obtained
y the technique of mercury intrusion porosimetry (MIP).

. Basic concepts of the application of fractal geometry
n materials

In the last decades a geometry has been developed which
efers to figures with fractional dimensions, so called fractals,
erm derived from the Latin fractus.4

“Roughly, dimension indicates how much space a set occu-
ies near to each of its points, . . . it is a measure of the
rominence of the irregularities of a set when viewed at very
mall scales, . . . the dimension reflects how rapidly the irregu-
arities develop, . . .”11 According to Mandelbrot, the importance
f this approach to irregular figures is owed to the fact that it is
articularly well adapted to the description and analysis of a

arge number of natural forms.4 In particular, a deterministic
ractal is a geometric figure, every part of which is similar of the
hole, replicated on different scales and so it is expressed by
power law. Some researchers have, utilising these concepts,
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Fig. 1. Example of fractal construction: Sierpins

iscovered that also different aspects of the microstructure of
aterials can be considered to be fractal.
As an example of a fractal we can cite the lines and the

urfaces of cracks which owing to their strongly irregular char-
cter, and on diverse dimensional orders of magnitude, have
een described as “curves” or “surfaces” with dimensions com-
rised between 1 and 2 (1 being Euclidean) and 2 and 3 (2
eing Euclidean).12,13 With regard to porosity, Fractal Geome-
ry presents us with a series of well known figures or “sponges”
hich although simple, in their formulation and appearance they

all to mind the distribution of pores, for example Sierpinski car-
et, fractal dimension = 1.89, Fig. 1, or the corresponding three
imensional model known as Menger sponge, fractal dimen-
ion = 2.73.4

The porosimetric data, obtained with the noted mercury intru-
ion or gas absorption techniques, can be processed in fractal
erms with the development of a scaling procedure, self similar-
ty, on at least two or three orders pores dimension magnitude.
he determination of fractal dimension value (Df) will be done,
.g. with Pfeifer and Avnir14 approach: let v and r are the pore
olume and radius, respectively, we can write the power law
−dv/dr) ∝ r2−Df . The applications which have already been
eported in literature are numerous and include: cement materi-
ls, sandstones, soils, and also traditional and advanced ceramic
aterials.15 Moreover, it has even been possible to attach to the

eometrically fractal representation an effective and rational, not
mpirical, estimate of physical greatness which are technologi-
ally as relevant as the permeability to fluids or the coefficient
f heat transmission of porous materials.1,16

. The intermingled fractal units (IFU) model

One of the most noted models for fractal porosity is the
enger sponge. Even though it expands infinitely, in practice it

s evidently necessary to take into consideration just the dimen-
ional range of the pores of the materials considered. In this
ay, if the voids distribution of a particular porous microstruc-

ure develops, or is experimentally determinable, between two
imits (Λ is the superior) Menger sponge will be made up of a
nit represented by a cube of side L0 = 3Λ and with a succession

f pores of dimension Λ, Λ/3, Λ/9, . . ., Λ/3i, . . .. For example
f Λ = 10 �m the succession of the pore sizes characterising the

icrostructure will be: 10, 3.3, 1.1, 0.37, 0.12, 0.04, . . . �m (two
pertures for every decade). The fractal dimension Df and the

t

k

pet as a simple model of cross section porosity.

oids fraction ε for these structures are:

f = log (N3 − Ns)
i

log (N)i
ε = 1 −

(
N3 − Ns

N3

)i

,

ith N being the number of divisions of the side and Ns the
umber of sub-cubes subtracted at every iteration i, concerning
ll of the N3 − Ns sub-cubes. In the previous example, with N = 3
nd Ns = 7 it has a Df = 2.727, and with i = 8 it has ε = 0.91. The
ore size distribution assigns the maximum value of the volume,
6%, to the pores with sides of 10 �m.

A first modification on the fractal model of Menger can be
nalised to acquire a larger capacity of simulation; it predicts

hat only some sub-cubes are iterated (Nunit iter), while others
re excluded from the process (Nsfe). In this case the Df and the
are:

f = log Nunit iter

log N
ε =

∑
i

[
(Nunit iter)

i−1 · Ns

(N3)i

]
.

Furthermore, the necessity of having a model characterised
y a large number of pore sizes for every decade obliges us to use
ointly more fractal units, FU, characterised by different values
f Λ, and the different FU do not necessarily have to have the
ame Df.

The global model is finally assembled by intermingling a
umber n of each of the FU. It is presumed that such values that
argely determine the volume of the pore size classes must be
ery high.

From Darcy’s and Hagen–Poiseuille’s relations, assuming
hat N = ΛDfλ−Df and L = (L0)Dtλ1−Dt , respectively, the
umber and the length of pores as in references1,3 and where
is the generic pore size and Dt is the so called fractal dimen-

ion for tortuosity (1 ≤ Dt ≤ 2, Dt = 1 is equivalent to a bundle
f straight channels, Dt = 2 corresponds to a so highly tortuous
atterns that fills a plane), the expression for the permeability k
f every FU is:

FU =
( π

128

)
·
[

(L0)1−Dt

A

]
·
[

Df

3 + Dt − Df

]
· Λ3+Dt ,

here A is the total sectional area (for a Menger unit is A = 32Λ2).
n the model proposed we can write D (in the plane) = D (in
t f
he space) − 1, consequently:

FU =
( π

256

)
·
(

Df

3Df

)
· Λ2.
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Finally, the k of the (global) model can be expressed as an

verage with respect to the volume fraction occupied by var-
ous FU. The number of FU has been established by trial and
rror method, minimizing the difference between ε and pore size
istribution calculated and experimental.

ig. 2. Log–log plot of the MIP experimental data of ceramics M1, M4 and M10.

able 1
he parameters of the IFU models (with 3 fractal units) for M1, M4 and M10

M1 M4 M10

U1
Λ, �m (n) 22 (1) 38 (1) 75 (1)
Df (Nsfe) 2.40 (1) 2.26 (12) 2.10 (12)

U2
Λ, �m (n) 15 (1) 26 (3) 55 (5)
Df (Nsfe) 2.40 (13) 2.26 (12) 2.10 (13)

U3
Λ, �m (n) 1 (37k) 3 (30k) 5 (80k)
Df (Nsfe) 2.40 (13) 2.26 (15) 2.10 (15)

calc/εexp 0.80/0.78 0.89/0.86 0.82/0.80
(×1013 m2) 2.49 3.13 11.8
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. Results and discussions

Pore size distributions with a bell-like form, and therefore
ith a unique peak value, characterise the samples of high poros-

ty SiC discussed in reference.9 Data relative to three systems
ere processed, with pore size corresponding to the maximum
olume distribution of 1, 4 and 10 �m (Figs. 4–6 of reference9),
erein referred to as M1, M4 and M10. According to Pfeifer
nd Avnir procedure, the MIP experimental data are correlated
ith two distinct straight lines which intersect in correspondence
ith the peak of the distribution, as reported in Fig. 2. According
o the current interpretation, the gradient (m) of these straight
ines would be connected to the fractal dimension of the porous

icrostructure (Df = 2 − m). In our case the “Df” values range
rom 1 to 5, therefore none of the materials have a Df definable

ig. 3. Pore size distributions; experimental (points) and derived from the model
curves) for the ceramics M1, M4 and M10.
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s legitimate (2 ≤ Df ≤ 3) so one must conclude that their pore
ize distribution cannot be considered fractal.

In the modelling, it is convenient to select pore sizes which
ave a precise order; this study presents the rationality and effi-
iency of a procedure based on the combination of fractal units.
or the cases in question three units were adopted, referred to
erein as FU1, FU2 and FU3, and Table 1 displays their charac-
erising parameters. In the construction of the model every FU is
epeated a number of times. For example, the simulation of the
orous microstructure of M4 is made up of the intermingling of
ne FU1 with Λ = 38 �m, three FU2 with Λ = 26 �m and thirty
housand FU3 with Λ = 3 �m; with the Df equal to 2.26. The
hirty thousand units of FU3 occupy a global volume of around
fteen times that occupied by one unit of FU1. The number of
ore diameters between 38 �m and around 2 nm is 26. Table 1
isplays the concordance between the volume fraction of voids,
xperimental and calculated from the model, while Fig. 3 shows
ts capacity for simulating the pore size distribution as well.

Other researchers obtain medium porosity SiC with a pore
ize distribution characterised by the presence of more peaks.
he ceramics of reference10 which we have considered are

hose defined by the temperature of sintering of 1800, 1850,
900 and 1950 ◦C henceforth referred to as E80, E85, E90 and
95. Also in this case, a true fractal dimension is not definable

or the experimental data reported in the log–log plot (Fig. 4).
evertheless, the simulation of the microstructure can still be

ccomplished by a series of intermingled fractal units. Table 2
resents the parameters of the models, with five FU, and val-
es of ε. Notwithstanding the enormous difference between the
umber of the various units employed in the construction of a
lobal model it is found that the volumes of the n FU are of the

ame magnitude.

Table 2 demonstrates the accord between the volume fraction
f voids, experimental and calculated from the model, while

able 2
he parameters of the IFU models (with 5 fractal units) for systems E80, E85,
90 and E95

E80 E85 E90 E95

U1
Λ, �m (n) 30 (1) 30 (1) 30 (1) 30 (1)
Df (Nsfe) 2.89 (2) 2.89 (2) 2.89 (2) 2.89 (2)

U2
Λ, �m (n) 28 (5) 28 (5) 28 (3) 28 (3)
Df (Nsfe) 2.93 (1) 2.85 (3) 2.73 (1) 2.93 (1)

U3
Λ, �m (n) 3 (3k) 3 (4k) 3 (1.8k) 3 (1.4k)
Df (Nsfe) 2.10 (17) 2.40 (13) 2.18 (15) 2.26 (15)

U4
Λ, �m (n) 0.3 (11M) 0.3 (20M) 0.3 (3.3M) 0.3 (1.7M)
Df (Nsfe) 2.10 (12) 2.10 (8) 2.40 (13) 2.33 (10)

U5
Λ, �m (n) 0.1 (110M) 0.1 (100M) 0.1 (150M) 0.1 (300M)
Df (Nsfe) 2.97 (1) 2.97 (1) 2.97 (1) 2.97 (1)

calc/εexp 0.56/0.53 0.47/0.51 0.42/0.43 0.39/0.35
(×1013 m2) 2.93 2.22 3.19 2.39

Fig. 4. Log–log plot of the MIP experimental data of the ceramics E80, E85,
E90 and E95.
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ig. 5. Pore size distributions; experimental (points) and derived from the model
curves) for the ceramics E80, E85, E90 and E95.

ig. 5 displays the capacity of this to simulate the pore size
istribution.
The permeability values calculated on the IFU model are
eported in Tables 1 and 2. The permeability values of M1, M4
nd M10 are regularly rising with the pore dimensions corre-
ponding to the maximum of distribution. Instead, the k of E80,

[

eramic Society 28 (2008) 2809–2814 2813

85, E90 and E95 are all similar. This is probably linked to
he role played by the larger pores, whose fractions are only
lightly altered during sintering. The values calculated are sub-
tantially in agreement with data reported in the literature, e.g. in
eferences17,18 for ceramic materials with similar porosimetric
haracteristics.

. Conclusions

The use of a fractal model is capable of rigorously describing
nly those microstructures which can be effectively approx-
mated by a model which predicts a regular growth of the
istribution towards the extreme of the largest diameters. A
ore size distribution with one or two peaks, frequently found
n practice, cannot be representative of a true fractal because the
olume–size of the pores is missing from the characteristics of
caling on the data.

The pore size distribution considered in this study regards
iC based ceramics of a medium–high porosity. The representa-

ion of MIP experimental data in the form of a log(−dv/dr) vs.
og r according to the procedures of Pfeifer and Avnir, exclude
owever that a true fractal dimension can be derived.

Moreover, it is possible to obtain from the linear correlation
n the log–log plot, regarding both the experimental data and
he results from the models, “good” fitting, which gives appar-
ntly satisfactory results if the geometric implications are not
onsidered. It is possible that in the literature, situations of this
enre have led to the presumption of the existence of a fractal
haracter, with the adoption of the concept of a “mean” fractal
imension, even when, in reality, this is strongly doubted.

However, notwithstanding that the experimental distributions
re not recognisable as fractal, their simulation with intermin-
led fractal units proved to be very effective in giving a value
f volume fraction of voids and of their dimensional distribu-
ion very similar to the experimental results. The utility of this

odel is demonstrated by considering that the values of perme-
bility calculated are in agreement with the experimental data
f homologous systems.
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